ABSTRACT. We discuss the ideal-adic semi-continuity problem for minimal log discrepancies by Mustaţȃ. We study the purely log terminal case, and prove the semi-continuity of minimal log discrepancies when a Kawamata log terminal triple deforms in the ideal-adic topology.
INTRODUCTION
In the minimal model program, singularities are measured in terms of log discrepancies. The log discrepancy is attached to each divisor on an extraction of the singularity, and their infimum is called the minimal log discrepancy. Recently, de Fernex, Ein and Mustaţȃ in [3] after Kollár in [12] proved the ideal-adic semicontinuity of log canonicity effectively to obtain Shokurov's ACC conjecture [18] for log canonical thresholds on l.c.i. varieties. This paper discusses its generalisation to minimal log discrepancies, proposed by Mustaţȃ. The mld above denotes the minimal log discrepancy. Mustaţȃ observed that the conjecture on formal schemes implies the ACC for minimal log discrepancies on a fixed germ by the argument of generic limits of ideals.
Conjecture (Mustaţȃ). Let (X ,
The conjecture is not difficult to prove in the Kawamata log terminal case, stated in Theorem 1.6. It is however inevitable to deal with log canonical singularities in the study of limits. As its first extension, we treat a purely log terminal triple (X , F + ∆, a r ) with a Cartier divisor F and control the minimal log discrepancy of (X , G + ∆, b r ) for G, b close to F, a. Our main theorem compares minimal log discrepancies on F, G rather than those on X . We adopt the weaker condition a ≈ l b defined by a n + I nl Z = b n + I nl Z for some n to reflect the distance of a, b with allowance of real exponents. 
The theorem can be regarded as an extension to the case when a variety as well as a boundary deforms, so it would provide a perspective in the study of the behaviour of minimal log discrepancies under deformations. It should be related to 1 Shokurov's reduction [19] of the termination of flips. One can recover the equality mld Z (X , F + ∆, a r ) = mld Z (X , G + ∆, b r ) if the precise inversion of adjunction in [13] holds on X such as l.c.i. varieties in [6] , [7] .
We prove the theorem by using motivic integration by Kontsevich in [15] and Denef and Loeser in [5] . Take a divisor E on an extraction of X whose restriction computes the minimal log discrepancy on G. By the plt assumption, the order of (the inverse image of) the Jacobian J ′ G of G along E should be small in contrast to those of F, G, then it coincides with that of the Jacobian J ′ F of F. This provides further the equality of the orders of the ideal sheaves J r,F , J r,G , and we derive the theorem by the descriptions of minimal log discrepancies involving J r,F , J r,G by Ein, Mustaţȃ and Yasuda in [7] .
We work over an algebraically closed field k of characteristic zero throughout. Z >0 , Z ≥0 , R >0 , R ≥0 denote the sets of positive/non-negative, integers/real numbers.
I -ADIC SEMI-CONTINUITY PROBLEM
In this section we discuss general aspects of Mustaţȃ's I -adic semi-continuity problem for minimal log discrepancies.
For the study of limits, we formulate the notion of R-ideal sheaves by extending that of Q-ideal sheaves in [10, Section 2] . On a scheme X we let R X denote the free semi-group generated by the family I X of all ideal sheaves on X , with coefficients in the semi-group R ≥0 . An element of R X is written multiplicatively as a
with a i ∈ I X , r i ∈ R ≥0 . We say that a, b ∈ R X are adhered if they are written as
ik as ideal sheaves for each i, or a ′ , b ′ > 0. We say that a, b ∈ R X are equivalent if there exist c 0 , . . . , c i ∈ R X with c 0 = a, c i = b such that each c j−1 is adhered to c j . Definition 1.1. An R-ideal sheaf on X is an equivalence class of the above relation in R X .
We let I R X denote the family of R-ideal sheaves on X . By an expression of a ∈ I R X we mean an element a
in the class of a. Remark 1.1.1. While some literatures define an R-ideal sheaf as an element of R X , we adopt that of I R X from the viewpoint that for a, b ∈ I X one should identify for example the product of a √ 2+1 , b and that of a √ 2 , ab, which remain different in R X . Remark 1.1.2. Two ideal sheaves on a normal variety X have the same order along every divisor if they have the same integral closure. We have an equivalence relation in I X by this. However we will not formulate in this direction, because the relation does not seem to be compatible with the notion of I -adic topology.
One can extend the notions of orders and resolutions to R-ideal sheaves. Proof. It suffices to prove that if the product a 1 a 2 of ideal sheaves a 1 , a 2 is locally principal, then so are a 1 , a 2 also. Set
On the other hand, one can write f = ∑ j f 1 j f 2 j and f 1 j f 2 j = c j f with f i j ∈ a i , c j ∈ O X . Thus 1 = ∑ j c j , so there exists j such that c j is a unit, that is
We introduce the notion of I -adic topology for R-ideal sheaves. Definition 1.3. Fix a closed subscheme Z of a scheme X and let I Z denote its ideal sheaf.
(i) For a, b ∈ I X and l ∈ Z ≥0 , we write a ≡ l b if
such that
(iii) For a, b ∈ I R X and l ∈ R, we write a ∼ l b if there exist expressions a = a
The following basic fact will be used repeatedly.
This follows from the inequality ord E a i ≤ r
We recall the theory of singularities in the minimal model program. A pair (X , ∆) consists of a normal variety X and a boundary ∆, that is an effective Rdivisor such that K X + ∆ is an R-Cartier R-divisor. We treat a triple (X , ∆, a) by attaching an R-ideal sheaf a. For a prime divisor E on an extraction ϕ : X ′ → X , that is proper and birational, its log discrepancy is
over Z is the infimum of a E (X , ∆, a) for all E with centre in Z. The log canonicity of (X , ∆, a) about Z is equivalent to mld Z (X , ∆, a) ≥ 0. See [11, Section 1], [14] for details. De Fernex, Ein and Mustaţȃ in [3] after Kollár in [12] proved the I -adic semicontinuity of log canonicity effectively to obtain with [4] the ACC for log canonical thresholds on l.c.i. varieties. We state its direct extension to the case with boundaries here. 
Remark 1.4.1. The l is given effectively in terms of a divisor E with centre in Z such that a E (X , ∆, a) = 0. One may take an arbitrary l such that l ord E I Z > ord E a by Remark 1.3.2.
We will consider its generalisation to minimal log discrepancies, proposed by Mustaţȃ.
Conjecture 1.5 (Mustaţȃ). Let (X , ∆) be a pair and Z a closed subset of X . Let a be an R-ideal sheaf. Then there exists a real number l such that: if an
This conjecture is related to Shokurov's ACC conjecture [16] , [18, Conjecture 4.2] for minimal log discrepancies. In fact, Conjecture 1.5 has originated in Mustaţȃ's following observation parallel to [3] by generic limits of ideals. 
Indeed, we shall prove the stability of an arbitrary non-decreasing sequence of
) ≥ 0. We may assume that a i j are non-trivial at x, then for a fixed divisor F with centre x we have ∑ j r i j ≤ ∑ j r i j ord F a i j ≤ a F (X , ∆). R has its minimum r say, whence k i ≤ r −1 a F (X , ∆). Thus by replacing with a subsequence, we may assume the constancy k = k i . Further we may assume that r i j form a non-decreasing sequence for each j. Then r i j have a limit r j by r i j ≤ a F (X , ∆).
Take generic limits a j of a i j following [3, Section 4], [12] . After extending the ground field k, we have a j on the completion (X,∆) of (X , ∆) at x. Conjecture 1.5 on (X,∆) provides an integer i 0 and a divisor E on X with centre x such that for i ≥ i 0 , ordÊ a j = ord E a i j and c := mldx(X,∆, a
and its right-hand side converges to c. Thus c i = c for i ≥ i 0 .
We expect an effective form of Conjecture 1.5, but the naive generalisation of Remark 1.4.1 never holds.
Remark-Example 1.5.2. Set X = A 2 with coordinates x, y and a = (
The pair (X , a 2/3 ) has minimal log discrepancy 2/3 = a E (X , a 2/3 ) over the origin o, computed by the divisor E obtained by the blow-up at o. We have
is not log canonical. We provide a few reductions of the conjecture.
is obvious. For, take a divisor E with centre in Z such that a E (X , ∆, a) = mld Z (X , ∆, a), or negative in the non-lc case, and l such that l ord E I Z > ord E a by Remark 1.3.2.
Remark 1.5.4. Conjecture 1.5 is reduced to the case when X has Q-factorial terminal singularities, ∆ is zero and Z is irreducible. Indeed, by [2] one can construct an extraction ϕ : X ′ → X such that X ′ has Q-factorial terminal singularities with effective ∆ ′ defined by
, so the conjecture is reduced to that on X ′ . Further, we may assume ∆ = 0 by forcing a to absorb ∆. It is obviously permissible to assume the irreducibility of Z. 
and we have the equality by Remark 1.5.3.
In the klt case, it is not difficult to prove our conjecture. Theorem 1.6. Conjecture 1.5 holds for a klt triple (X , ∆, a).
Proof. It suffices to prove mld
The above three inequalities give a E (X , ∆, b) > mld Z (X , ∆, a), which completes the theorem.
q.e.d.
Even if we start with klt singularities, it is inevitable to deal with log canonical singularities in the study of limits of them. Example 1.7. Set X = A 2 with coordinates x, y and a n = x(x + y n )O X . The limit of these a n is a ∞ = x 2 O X , so that of klt pairs (X , a
It is standard to reduce to lower dimensions by the restriction of pairs to subvarieties. For a pair (X , G + ∆) such that G is a reduced divisor which has no component in the support of effective ∆, one can construct the different ∆ G ν on its normalisation ν : G ν → G as in [13, Chapter 16] , [17, §3] . It is a boundary which satisfies the equality
As the first extension of Theorem 1.6, we study the plt case in which the boundary involves a Cartier divisor F. Let F be a Cartier divisor on a triple (X , ∆, a) such that (X , F + ∆, a) is plt. Then F is normal by the connectedness lemma [13, 17.4 Theorem], [17, 5.7] , and the induced triple (F, ∆ F , aO F ) is klt. In this setting, we control mld Z (X , G + ∆, b) for G, b close to F, a. We adopt the notation
We compare minimal log discrepancies on F, G rather than those on X , so G should be a divisor of the following type. For example, an effective Cartier divisor G is transversal if (X , G + ∆, b) is log canonical.
We state our theorem in the plt case, which will be proved in Section 2. 
Theorem 1.9 compares minimal log discrepancies on different varieties, so it would provide a perspective in the study of their behaviour under deformations. One can interpret it as an extension of Theorem 1.6 to the case when a variety as well as a boundary deforms. Theorem 1.9 is also joined with Conjecture 1.5 via the precise inversion of adjunction in [13, Chapter 17] . 
The equality of minimal log discrepancies on X follows if the precise inversion of adjunction holds on X , such as l.c.i. varieties in [6] , [7] . 
it is reduced to the case with a Cartier divisor G. We may assume Z ⊂ F, G by Theorem 1.6 and the argument after Lemma 2.2. Then the statement follows from Theorem 1.9. Note that the precise inversion of adjunction for triples is reduced to that for pairs.
We close this section by one observation related to Conjecture 1.5. 
Proof. It suffices to prove mld Z (X , ∆, a) ≤ mld Z (X , ∆, a 1−t b t ) by Remark 1.5.3. We may assume the log canonicity of (X , ∆, a). Fix a log resolution ϕ : X ′ → X of (X , ∆, aI Z ) and set K X ′ + ∆ ′ := ϕ * (K X + ∆). Let A denote the effective R-divisor on X ′ defined by the locally principal R-ideal sheaf aO X ′ , and S the reduced divisor whose support is the union of the exceptional locus, Supp ∆ ′ and Supp A. We take 0 < t ≤ 1 such that tA ≤ S. By Theorem 1.4 we have l such that a ∼ l b implies the log canonicity of (X ′ , S − tA, b t O X ′ ). In particular, for a divisor E on an extraction
These two inequalities prove the proposition. q.e.d.
PURELY LOG TERMINAL CASE
The purpose of this section is to prove Theorem 1.9; see Lemmata 2.4 and 2.9. As (X , ∆) is klt, by [2] there exists a Q-factorisation ϕ : X ′ → X which is isomorphic in codimension one. Then as in Remark 1.5.4 we can reduce the theorem to that on X ′ , and hence we may assume that X is Q-factorial and ∆ = 0. We shall discuss on the germ at a closed point of X .
We set the ideal sheaves in the context of motivic integration. Let d denote the dimension of X . We fix a positive integer r such that rK X is a Cartier divisor. We extend the construction in [ 
and we have O X (r(
G be the Jacobian ideal sheaf of G, and J r,G the image of the natural 
We set c := mld F∩Z (F, aO F ).
As (X , F, a) is plt, we can fix t > 0,t ′ ≥ 0 such that
. LetF be the strict transform of F. By blowing upX further, we may assume the existence of a prime divisor E F ⊂φ −1 (F ∩ Z) which intersectsF properly and satisfies
Take the decompositionφ * F = V F + H F , where V F consists of prime divisors in ϕ −1 (Z) and H F those not inφ −1 (Z). By blowing upX further, we may assume
We take an integer l 1 such that
for all divisorsĒ onX withφ(Ē) ⊂ Z. Note that
The next lemma is a direct application of Theorem 1.4 with Remark 1.4.1 by (6).
We can replace the condition F ∼ l G with the stronger one F ≈ l G defined by
Proof. G is reduced by Lemma 2.1. By the definition of F ∼ l G and LemmaDefinition 1.2, there exist decompositions 1 = ∑ j f j n j , G = ∑ j f j H j with f j ∈ R >0 , n j ∈ Z >0 and effective Cartier divisors H j such that
Now we may assume that Z is an irreducible proper subset of F, and is con-
by Lemma 2.1. We then consider a log resolution G ′ → G embedded into some log resolution ϕ : X ′ → X of (X , F + G, abJ ′ GJ r,G ) which factors throughX. Set ϕ ′ : X ′ →X. Let I denote the set of all ϕ-exceptional prime divisors E on X ′ intersecting G ′ , and I Z the subset of I consisting of all E with ϕ(E) ⊂ Z. By blowing up X ′ further, we may assume that G ′ does not intersect the strict transform of the divisorial part of the zero locus of b, and that for all
for all E ∈ I Z , or −∞ if the minimum is negative.
Proof. (i) It follows from Lemma 2.1.
(ii) If we write I Z OX = OX (−V Z ), then by (6) the divisor l 1 V Z −V F is effective with supportφ −1 (Z). By F ≈ l 1 G we have the decompositionφ * G = V F + H G in which H G consists of divisors not inφ −1 (Z), and moreover
for some n. Hence on the reduced divisorφ −1 (Z),
scheme-theoretically, and its support contains ϕ ′ (E) by (8) . Thus there exists a prime divisorĒ onX with
We obtain one inequality in Theorem 1.9 as in Remark 1.5.3.
Proof. We have the divisor E F ⊂φ −1 (Z) in (4). W :=F ∩ E F is contained in the support of the locus (9), whence W ⊂ Supp H G ∩ E F . This implies W ⊂Ḡ ∩ E F for the strict transformḠ of G by the s.n.c. property ofF + E F + Supp(H G −Ḡ). Moreover by (9) , nW = nḠ| E F as divisors on E F at the generic point η W of W . Hence W =Ḡ ∩ E F scheme-theoretically at η W , and its strict transform W ′ on G ′ is defined. With (6) we obtain
We shall prove the other inequality mld
We fix a prime divisor E Z onX such thatφ(E Z ) = Z, and apply Zariski's subspace theorem [1, (10.6) ] as in the proof of [9, Lemma 3] to the natural map O X,Z → OX ,E Z and its specialisations, to fix an integer
Proof. (i) We use explicit descriptions ofJ ′
F ,J ′ G in terms of Jacobian matrices. Embed X into a smooth ambient space A with local coordinates x 1 , . . . , x k and take
Z so uv should be a unit. We take an etale coverX → X by adding a function y with y n = u to produce the factorisation f n − ug n = ∏ i ( f − µ i yg) with a primitive n-th root µ of unity, and discuss on the germŨ at some closed point ofX. Set the prime divisorẼ
OŨ . By Lemma 2.3(i) and (7), for
(ii) Lemma 2.3 implies ord EJ ′ F r ≤ t −1 c < ord E F, ord E G. Thus (ii) follows from (i) and (3) for F, G.
(iii) It follows from Lemma 2.3(i).
(iv) It follows from Lemma 2.3(i), (7) and Remark 1.3.2. q.e.d.
We shall apply motivic integration by Kontsevich in [15] and Denef and Loeser in [5] to transversal divisors. We fix notation following [10, Section 3] . For a scheme X of dimension d, we let J n X denote its jet scheme of order n, J ∞ X its arc space, and set π X n : J ∞ X → J n X , π X nm : J m X → J n X . One has the motivic measure µ X : B X → M from the family B X of measurable subsets of J ∞ X to an extension M of the Grothendieck ring. B X is an extension of the family of stable subsets. A subset S of J ∞ X is said to be stable at level n if π X n (S) is constructible, S = (π X n ) −1 (π X n (S)), and π X m+1 (S) → π X m (S) is piecewise trivial with fibres
Finally for an R-ideal sheaf a, the order ord a γ along a is defined for γ ∈ J ∞ X . The notion of ord I γ n for an ideal sheaf I makes sense even for γ n ∈ J n X as long as ord I γ n ≤ n.
Back to the theorem, we fix an expression
We fix an integer c 1 such that
for all i. Applying Greenberg's result [8] to F, one can find c 2 ≥ c 1 such that
We take an integer l 3 ≥ l 2 such that
From now on we fix an arbitrary
and will derive the opposite inequality a E| G ′ (G ν , bO G ν ) ≥ c. To avoid confusion we set ψ := ϕ| G ′ : G ′ → G. By blowing up X ′ further, we may assume that
Hence by (12)
We translate Lemma 2.5 into the language of arcs.
Lemma 2.6.
(
Proof. It is obvious by Lemma 2.5, (11) and the construction of T ′ . Note ord E a i ≤ r
Let J ψ be the image of the natural map ψ * Ω d−1
By definition we obtain the equality
Hence J ψ is resolved on G ′ , and on T ′ the order along J ψ takes constant Proof. We apply Proposition 2.7 to S ⊂ L F c 1 , T ⊂ L G c 1 by Lemma 2.6(i), (iii) and (2) , to obtain their stabilities at level c 1 and by S c 1 = T c 1 in (15) µ F (S) = µ G (T ).
By [5, Lemma 3.4] for T ⊂ L (c 1 ) (G) with notation in [5] , there exists n ≥ c 1 , e, 1 such that ord J ψ takes constant e on ψ −1 n (T n ), and that ψ −1 n (T n ) → T n is piecewise trivial with fibres A e . If the equality T ′ n = ψ −1 n (T n ) holds, then
Thus it suffices to prove ψ −1 n (T n ) ⊂ T ′ n . Take a variety U n dense in T n such that ψ −1 n (U n ) is irreducible. The closure C n of ψ −1 n (U n ) in J n G ′ contains the closure J n G ′ | E| G ′ of T ′ n , which is a prime divisor. Thus C n = J n G ′ | E| G ′ by the irreducibility of C n , so the image of the restricted morphism χ n : J n G ′ | E| G ′ → J n G contains T n . Its fibre χ −1 n (t) at t ∈ T n has dimension at least e and is contained in ψ −1 n (t) ≃ A e . Hence χ −1 n (t) = ψ −1 n (t) as χ −1 n (t) is closed. This means ψ −1 n (T n ) ⊂ J n G ′ | E| G ′ . Consider on ψ −1 n (T n ) the constant function
Note that
because such E ′ | G ′ is ψ-exceptional and J ψ vanishes on the support of Ω G ′ /G . Moreover ord E| G ′ is positive on ψ −1 n (T n ) ⊂ J n G ′ | E| G ′ . Hence ψ −1 n (T n ) ⊂ T ′ n by the definition of T ′ .
Remark 2.8.1. We need only the inequality dim µ F (S) ≥ dim µ G ′ (T ′ )L −e for the proof of Theorem 1.9.
We shall complete the proof by using the below description of c = mld Z (F, aO F ) in terms of motivic integration by [7] ; see also [10, Remark 3.3] . Proof. We have fixed an arbitrary E ∈ I Z which satisfies (14) . By Lemma 2.6(ii), (iv), ordJ 
Hence a E| G ′ (G ν , bO G ν ) ≥ c by (16) , which proves the lemma. q.e.d. Theorem 1.9 is therefore proved.
